Abstract -In this work, we consider potential energy of recently conceptualized optimal (balanced) bianisotropic particles in electromagnetic fields. The case of non-resonant lossless particles is studied. Knowing the potential energy of optimal bianisotropic particles in the fields of the respective excitations, we find the acting force on the particle in inhomogeneous external fields. It is found that for optimal particles with the balanced values of the polarizabilities the potential energy and acting force are time independent.
Introduction
Let us consider an electrically small bianisotropic particle which has interconnected electric dipole and magnetic moments. These moments can be written in terms of the exciting fields as:p
From the principle of symmetry of the kinetic coefficients it follows that the polarizabilities of reciprocal particles satisfy: 
Reciprocal bianisotropic particles can be conveniently classified based on the symmetry properties of the magnetoelectric coefficients. The case of symmetric matrices a [1] . Recently, it was found that balanced particles, such that all the polarizablities have equal strength, possess very special, and extreme properties.
They store maximum (or minimum, equal to zero) reactive energy in given fields [2] , they are ''invisible'' for certain excitations [3] , they present the optimal configurations for extracting energy from external fields [4] . Planar arrays of balanced particles realize optimal configurations for polarization transformers [5] [6] [7] or reflectors with controllable reflection phase [8] . Furthermore, arrays of balanced nonreciprocal bianisotropic particles can realize single-particle-thick ideal isolators [9, 10] .
In this paper we consider another aspect of the extreme properties of balanced bianisotropic particles: we study the potential energy of the particles in given fields and consider the force acting on the particles in nonuniform fields. The study is limited to the case of non-resonant lossless particles. We find that if the polarizabilties are balanced and the particle interacts with the incident fields optimally strong, the potential energy is time-independent. This implies that the mechanical force generated by time-harmonic fields is time-independent. Of course, when external field of the orthogonal polarization acts, the particle is not excited at all, implying that the force acting on the particle is identically zero. We think that this interesting property can have important implications in nanotechnologies and nanomedicine.
Basic assumptions and relations
Assume that the influence of the fields on the particle which is not of a resonant character and losses are negligible, therefore all the polarizabilities a ee , a mm , a em are real quantities: In this case we can neglect the dissipation of electromagnetic wave energy and consider the interaction of the particle with the electromagnetic field as quasi-stationary. We can introduce the potential energy of the bianisotropic particle in an electromagnetic field:
where primes denote the real parts of the vectorsp,m,Ẽ, and B, multiplied by the time-dependence factor exp(jxt). Let us start the analysis of the case of a chiral particle, which interacts optimally with circularly polarized waves [2] [3] [4] . Consider the interaction of bianisotropic particle with a spherical left-handed circularly polarized wave. Dependence of the wave vectorẼ on the coordinate z can be written as:
The electric field vector of such a wave forms left-handed screw in space, which gives the reason to call it ''left-handed'' circularly polarized wave. At the same time for an observer looking along the wave vector, the vectorẼ rotates with time in a clockwise direction. Therefore, according to another definition, such a wave is called ''right'' circularly polarized. For such a wave in free space the magnetic field vectors have the form:
Potential energy
Without loss of generality, we assume that the electric and magnetic moments generated in a chiral particle under the influence of electromagnetic waves have only the x-components. In this case, we can calculate the potential energy in equation (7) as:
It can be written as:
where W h i is the time-average value of the potential energy, and DW is the time-dependent part of the potential energy. After simple calculations, we obtain:
here superindex 1 denotes axis x. The behavior of the socalled optimal or balanced particle is of particular interest, because for the particle the polarizabilities satisfy the following expressions:
If equation (15) holds with the sign ''+'', we obtain:
ee ; ð16Þ
This means that the potential energy of a particle in this electromagnetic field is independent of time, although the particle is affected by the time-harmonic field. If equation (15) holds with the sign ''À'', we find:
Hence, such a particle does not interact with the considered circularly polarized wave, as it is known for balanced chiral particles [2, 3] . We see that the properties of the particle have a selective action relatively to the wave polarization, i.e., to the direction of rotation of the vectorẼ of the wave.
Acting force
Since the potential energy of the optimal particle in the field of a circularly polarized wave does not depend on time, we can calculate a force, acting on the particle in the inhomogeneous field of a spherical wave. This force in the quasi-static approximation is equal:
Using equations (16) and (19), we obtain the projection of force on the z-axis:
ee : ð20Þ Consequently, the optimal particle is attracted to the source radiating a spherical circularly polarized wave and the force of attraction does not depend on time.
If we apply the formula (19) in the general case for chiral particles not having optimal parameters, the expression for the z-component of the force can be written as:
ee À a
Figures 1 and 2 plot the dependence of the potential energy and force on time for various non-resonant bianisotropic chiral particles: dielectric, paramagnetic, and having optimal parameters.
The graphs show that the optimal chiral particle with a positive magnetoelectric parameter a em experiences stable attraction to the source of a left-handed circularly polarized wave. The force of attraction does not depend on time. If the bianisotropic particle is optimal, but has a negative magnetoelectric parameter a em , the interaction of particle with the left-handed circularly polarized wave is absent. However, for particles with non-optimal parameters, the attraction force is time-dependent with varying sign. For example, if the particle is purely dielectric or purely paramagnetic, the amplitude variations of the force are much greater than the average force. It is easy to show that the additional term in the expression for the force which appears in the Abraham's approach to the definition of momentum of electromagnetic field F ¼ d=dtðp ÂB þ ðm ÂẼÞ=c 2 Þ [11] equals zero when averaged over time.
Generalizations
In fact the same conclusion holds for balanced particles of the other fundamental reciprocal class: omega particles [1] . In this case, relations (3)- (5) hold, but the magnetoelectric dyadics (tensors) are anti-symmetric. Any anti-symmetric tensor can be presented as a vector product of a vector with a unit dyadic:
Here I is the unit dyadic and for the case of non-resonant lossless particles the coupling coefficient X is real. Omega particles interact optimally with evanescent linearly polarized fields. Thus, we assume that the incident field is linearly polarized (electric field is along the x axis, and magnetic field is along the y axis), and the wave impedance is purely imaginary:
Without loss of generality, we can assume that the electric dipole moment induced in the particle is along the axis x, and the magnetic dipole moment is along y. Substituting into the expression for the potential energy in equation (10), we find, similarly to the case of chiral particles,
Obviously, the same conclusions regarding timeindependence of the potential energy and acting force in nonuniform fields hold also for balanced omega particles. Likewise we see that changing sign of the coupling coefficient (or reversing the direction of evanescent wave decay) of a balanced particle makes W h i ¼ 0, which corresponds to the invisibility regime [3] . Another interesting conclusion is that the timevarying part of the potential energy does not depend on the coupling coefficient only if the particle has magneto-electric coupling of only one type: chiral or omega, and if the excitation polarization is of the respective type. If both chirality parameter and the omega coefficient are not zero and the external field is arbitrary, this potential energy depends on time even if all the parameters are balanced.
Further generalization can be made for nonreciprocal bianisotropic particles. The two fundamental nonreciprocal classes are moving media, with:
and Tellegen media, with:
Moving media interact optimally with linearly polarized propagating plane waves. Thus, we can assume that the incident fields are: Writing again the expression for the potential energy, we come to a different conclusion: because all the dipole moments and fields coming into expression (10) are now in phase, the time-averaged and time-varying parts of the potential energy are proportional to the same coefficient, equal to a ee + a mm À 2V. For the balances particle this is zero for one of the possible signs of the ''velocity'' parameter V, which again corresponds to the invisibility regime [3] . However, for the opposite choice of the sign, the potential energy remains time-dependent. It is easy to check that this is true also for the other nonreciprocal class, the Tellegen particle, which is optimal in the fields of circularly polarized standing waves.
Conclusions
We have considered non-resonant bianisotropic particles in the field of variously polarized electromagnetic waves. In the quasi-stationary approximation the potential energy of a particle in an electromagnetic field is calculated. Bianisotropic particles with the optimal parameters, which are characterized by equally strong electric, magnetic, and magnetoelectric effects, have been in the focus of the study. We have discovered that the potential energy of such particles in appropriately polarized electromagnetic fields is not time dependent. For instance, if a balanced chiral particle is in the field of a circularly polarized spherical wave, the particle is attracted to the source of radiation of the wave with the attraction force which does not depend on time. If the wave changes its polarization to the opposite, then the potential energy of a particle with the optimal parameters and the force acting on it are zero, i.e., particle-field interaction disappears. It is intriguing that this conclusion holds true for both fundamental classes of reciprocal bianisotropic particles, but not for the nonreciprocal ones. We expect that the timeindependence of force applied to a particle in time-harmonic fields can have important applications e.g., in nanoparticle manipulation or separation. This study has been limited to lossless particles with negligible dispersion. For strongly dispersive and lossy particles, such as e.g., resonant helices or omega particles, care should be taken in properly defining the notion of potential energy, similarly to calculations of stored field energy in dispersive and lossy materials.
